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1 Introduction 



The main object of integrability theory is the Lax equation 

L t = [L,A}. (1.1) 

Here A and L are operators depending on functions u\, u n and (11.11) is equivalent to a system 
of nonlinear differential equations for m. For the KP-hierarchy and its different reductions A 
is a linear differential operator A = Yl r i^x^ whose coefficients are differential polynomials in 
Mi, ...,u n . The L-operator could be a differential operator or a more complicated object like a 
ratio of two differential operators or a formal (non-commutative) Laurent series with respect 
to d" 1 . 

The dispersionless analog of (II. ip has the following form 

L t = {L,A}, (1.2) 

where {L, A} = A P L X — A X L P . As usual, the commutator in (II. ip is replaced by the Poisson 
bracket and the non- commutative variable d x by the commutative "spectral" parameter p. The 
transformation L(x,t,p) —> p(x,t, L) reduces (11.21) to the following conservative form 

p t = A(p, Mi,..., m^, (1.3) 

where L plays the role of a parameter. The latter equation can be rewritten as 

ifi t = A(i(> x ,u 1 ,...,'U n ), (1.4) 

where p = ip x . 

Equations (11.41) can be chosen as a basis, on which a theory of integrable 3-dimensional 
dispersionless PDEs can be built. Most such equations can be written in the form 

n n n 

^2 a ij( u ) u j,h + ^2 M u ) u jM + 5^ c ^'( u ) u ite = °> i = l,».,/, (1-5) 
j=l j=l j=l 

where u = (u\, . . . , u n ). All known integrable systems ( 11.5D admit the so-called pseudopotential 
representation 

ij) t2 = A(i) tl ,u), 4> t3 = B(ip tl ,u), (1.6) 

by means of a pair of equations (11.4p whose the compatibility conditions tfj t2 t 3 = '0t 3 t 2 are 
equivalent to (11.51) . The functions A, B are called pseudopotentials. Such a pseudopotential 
representation is a dispersionless version of the zero curvature representation, which is a basic 
notion in the integrability theory of solitonic equations (see PQ) . 

One of the interesting and attractive features of the theory of integrable dispersionless equa- 
tions is that the dependence of the pseudopotentials A(p, Ux, . . . ,u n ) on p can be much more 
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complicated then in the solitonic case. For instance, in [21 [3] some important examples of pseu- 
dopotentials A were found related to the Whitham averaging procedure for integrable dispersion 
PDEs and to the Frobenious manifolds. For these examples the p-dependence is determined 
by an algebraic curve of arbitrary genus g. In the paper [I] a certain class of pseudopotentials 
with movable singularities was described. Some of the pseudopotentials constructed in [I] are 
written in terms of degenerate hypergeometric functions. 

In the paper [5] a wide class of pseudopotentials A(p, u\, u n ) related to rational algebraic 
curves was constructed. These pseudopotentials were written in the following parametric form: 

A = Fi(£, u x , ...,«„), p = F 2 (£,ux, ...,u n ), 

where the ^-dependence of the functions Fi is defined by the ODE 

f 4iC = Ul , Un ) ■ r si (? - ir s2 (? - «ir s3 ...(e - u n y s ^. (u) 

Here s\, s n+ 2 are arbitrary constants and fa are polynomials in £ of degree n. The dependence 
of fa on u±, . . . , u n was described in terms of solutions of some overdetermined linear system of 
PDEs with rational coefficients. 

In this paper we generalize this result and construct new classes of pseudopotentials 
An,k{Pi u ii ■••■> u n) whose p-dependence is given by (11.71) . where fa(£) are polynomials in £ of 
degree n — k, k = 0, n — 1. We call the corresponding functions A n ^ k pseudopotentials of de- 
fect k. The pseudopotentials of defect are just pseudopotentials from [5] written in a different 
form. 

We describe the pseudopotentials of defect k in terms of linearly independent solutions of 
the following system of linear PDEs with rational coefficients 

d 2 h Sj dh Sj dh . . ... . 

H 7^—, t,j = l,...,n, it], (1.8) 



duiduj Ui — Uj duj Uj — Ui dui 



and 



d 2 h / \ Sj Si uAuj — 1) dh 
o-5- = - ( 1 + 22 s j) 7 TS h + 7 n /L^^ L -7>- + 

OUiOUi V ^— ^ / Ui{Ui — 1) Ui{Uj — 1) Uj — Ui OUj 

•S—-y Sj Si + S n+ i Si + S n+ 2\ 

^— ' M,' — M,' Ui — 1 J dm 



1.9) 



for one unknown function . . . ,w n )- If n = 1, then we have no equations (11.81) and the 

single equation (11.91) coincides with the standard hypergeometric equation, 

u{u - 1) h{u)" + [{a + (5 + 1) u - 7] h(u)' + af3 h(u) = 0, 

where Si = —a, s 2 = a — 7, s 3 = 7 — (3 — 1. Notice, that hypergeometric functions already 
appeared in connection with dispersionless PDEs (see, for example P, HI Ej). For arbitrary 
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n the system (ll.8p . (11. 9p can be solved in terms of generalized hypergeometric functions (see 

mi). 

Note that the pseudopotential A n ^ is written in terms of k + 2 linearly independent solutions 
of the system (II. 8p . (II. 9p and therefore the group GLk+2 acts on the set of such pseudopotentials. 
If k = 0, then this is just the usual action of GL 2 on the space of independent variables x, t in 
the equation (11.41) . In the case k > the action of larger group GLk+2 is still to be explained. 
For a particular class of 3-dimensional equations the existence of such a group of symmetries 
was pointed out in (10] (see also [H]). It is known [121 10] that knowledge of the symmetry 
group GL n allows us to linearize systems of ODEs and PDEs. 

The paper is organized as follows. 

In Section 2 we describe some properties of system (11.81) . (I1.9P and its solutions needed for 
our purposes. Most of these properties are well known to experts. 

In Section 3 we rewrite formulas of the paper [5] in terms of generalized hypergeometric 
functions. In our paper the pseudopotentials constructed in [5] are called pseudopotentials of 
defect 0. A couple of such pseudopotentials defines a system of the form ( 11. 5ft with I = n. These 
systems are rewritten in terms of generalized hypergeometric functions in Section 3. We also 
prove that each of these systems admits n + 1 conservation laws of hydrodynamic type. 

In Section 4, for any n and k > we construct pseudopotentials of defect k. A couple of 
such pseudopotentials defines a system of the form (11. 5p with I = n + k. These systems are also 
constructed in Section 4. The particular cases n = 3, k = 1 and n = 5, k = 3 yield integrable 
equations of the form 

J2Pi,j(z tl ,z t2 ,z t3 ) z tutd = 0, «,J = 1,2,3, (1.10) 

and 

Q( z t!,ti, Ztifai z ti,t 3 , z t 2 ,t 2 , z t 2 ,t 3 , Zt 3 ,t 3 ) = 0. (1-11) 
A classification of all integrable equations (ll.lOp and (ll.lip was presented in [XT] and in [13J, 
correspondingly. Our integrable equations give generic solutions of these classification problems. 

In Sections 5 we construct and study a certain class of integrable (l+l)-dimensional hydro- 
dynamic type systems of the form 

rl = v\r\...,r N y x , i = 1, 2, N. (1.12) 

These systems are defined by an universal overdetermined compatible system of PDEs of the 
Gibbons-Tsarev type [TU [15] for some functions w^r 1 , r ), ^(r 1 , r N ), ^(r 1 , r ). 
This system has the following form 

diCj = ^TZTT~ diW ' di i w = Z7 ^2 ^ diwdjw, i,j = 1, N, i + j. (1.13) 

The only velocities u l (r x , r ) in (11.121) depend on n, k. They are described by k + 2 linearly 
independent solutions of the linear system (11.81) . (11.91) (see Section 5, Theorem 3). One has 
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to substitute functions U\ = - ui(r 1 , r N ), u n = Unir 1 , ...,r N ) for the arguments of these 
solutions. The functions Ui are also universal. They are defined by the following system of 
PDEs 

uAuj — l)diW . , , r . ., / -* -t a\ 

diUj= J \ J _ J , i = l,...,N, j = l,...,n. (1.14) 

It is easy to verify that the system (I1.13p . (I1.14p is consistent. Therefore our (l+l)-dimensional 
systems (II. 12ft admit a local parametrization by 2N functions of one variable. 

For some very special values of parameters Sj in (II. 8p . (11.91) our systems (11.121) are related 
to the Whitham hierarchies [2J, to the Frobenious manifolds [31 US], and to the associativity 
equation [21 US] . 

In Section 6 we recall the definition of hydrodynamic reductions. According to [T7], the 
existence of sufficiently many hydrodynamic reductions can be chosen as a definition of the 
integrability of the systems (jl.5p . We also recall the definition of integrable pseudopotentials 
(see [7]). We introduce the notion of compatible pseudopotentials and notice that each pair of 
them gives a system (ll.5p that admits both a pseudopotential representation and sufficiently 
many hydrodynamic reductions. We show that the (l+l)-dimensional hydrodynamic type 
systems found in Section 5 are hydrodynamic reductions of our pseudopotentials Ai.fe- This 
implies that these pseudopotentials and the corresponding 3-dimensional systems are integrable 
in the sense of the definitions mentioned above (see Theorem 4). 



2 Generalized hypergeometric functions 

The following statements can be verified straightforwardly. 

Proposition 1. The system of linear equations (ll.8p . (I1.9P is compatible for any constants 
Si, . . . , s n+2 - The dimension of the linear space Tt of solutions of the system (11.81) . (II. 9p is equal 
to ra + l. ■ 

We call elements of Ji generalized hypergeometric functions. 

Proposition 2. The system (II .8p . (I1.9P is equivalent to the following system 

Qi(ui— — , u n — — )Ui l h = Pi(tti— , ..,«„- — )h, i = l,...,n (2.15) 

OUi OU n OUi ou n 

where 

Qi(h, k n ) = (k x + ... + k n - si - ... - s n+1 )(ki + 1), 
Pi(h, k n ) = (k x + ... + k n - 1 - si - ... - s n+2 ){ki - Si). 



Recall that a system of the form (I2.15P is called a hypergeometric system [9|. It can be 
solved in terms of the so-called Horn series [9] . 
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Example 1. The system (12.151) and hence (11.81) . (11.91) has a unique solution holomorphic 
at the point = (0, . . . , 0) such that h(0) = 1. The derivatives of this solution at is given by 



w (o)-^l:,f^ +r) nn« 

1 Lj=0 \ J "r ' J j=l i=0 



l-Sj), 



where 

n+l 



r = 
i=i 



Let us denote the solution described in this example by F(si, . . . , s n+2 , Mi, ... , For 
brevity, we also will use the notation F(si, . . . , s n+2 ). 

Proposition 3. The function F(si, . . . , s n+ 2) admits the following integral representation 

f( Si , Sn+2 , Ul ,...,u n ) = c I r 2 ^+ 2 (i - ty^ii - tmyi ---(i- tu n y- dt, 

Jo 

where 

c r< - r) 



r(i + s n+2 )r(-i - r - s n+2 ) 
■ 

It is well-known that for the standard hypergeometric equation there exist the Laplace 
transformations shifting the parameters by 1. Analogies of such transformations for the system 
( OP , Oil are given by 

Proposition 4. The following identities hold: 
dF(si,...,Si,...s n+2 ) Si(l + r + s n+2 ) 

= F(s ll ...,s i -l,...s n+2 ), i<n, 

oui r 

s n+1 {\ + r + s n+2 ) 



n+2/ 



where 



and 



r A _ s n +i{i- + r + s n+2 ) 

M \ F • • • > s n+li s n+2> J — _ r [Si, . . . , S n+ i — X, S 

L 2 yF(si, . . . , s n+ i, s n+2 ) j = (1 + r + s n+2 ) F(si, . . . , s n+ i, s n+2 — 1), 

n d n d 

Li = -Uj)— + (l + r+ s n+2 ), L 2 = - ^ u i~Q^~ + (! + r + s n+2) 

i=i 3 i=i 3 

Si, . . . , Si, . . . s n+2 ) ) — (1 + r) F(s\, . . . , Si + 1, . . . s n+2 ), i < n, 
M n+1 (F(si, s n+ i, s n+2 )^ = (1 + r) F(si, . . . , s n+1 + 1, s n+2 ), 
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M n+2 [F{ (1 + s n+2 ) F(sx, 

s n+li s n+2 + 1), 

where 

n q n 

M i = J ^2 u j( u j ~ 1 )~q~ ~ ^2 s i u i - ( 2 + r + s n+2)Ui + (1 + r), i < n, 

3=1 Uj 3=1 

n n 

M n+l = ^Ujiuj - 1)— - ^sjUj + (1 + r), 

3=1 3 3=1 

n q n 

M n+2 = ^2 U ^ u i ~ 1 )-q ^ s j u j ~ C 1 + s n+2)- 

i=i Mj i=i 

Furthermore, let 7^ Sl ,...,s n+2 be the space of solutions of the system (11.81) . (11.91) . We have 
d 

~Q^7~(-s\,...,s n+ 2 C / ^si,...,s i -l,...,s„+2) LiTl s1> ..., Sn +2 C ^Sl,...,S„+l-l,S„+2 J 
L2H Sl ,...,s n+2 C 7t sl) ... j S n+2 -l ! MiH sll ... jSn+2 C Ti.a 1 ,...,a i +l,...,a n+ 2- 



Proposition 5. Let 7i = 7Y Slj .,. )Sn+2 and 7i = 7^ Slj ... )S „ i o, Sn+ i,s„ +2 - Then 7i is spanned by H 
and the function 

rUn + l 

Z(u u ...,umu n+1 )= / (t-« 1 ) si ---(i-«„) s ^"+ 1 (*-l) s ' l+2 ^- (2-16) 
Jo 

Moreover, the space 7^ Slj ... )Sni o,...,o,s„ + i,s„ +2 ( m zeros) is spanned by TC and Z(ui, u n , u n+ i), 

Z [Ui, ■ ■■,U rl , U n+ 2), Z [Ui, ...,U n , U n+m ). I 



3 Pseudopotentials of defect 

Most results of this Section was obtained in a different form in the paper [5]. 
For any generalized hypergeometric function g G H we put 

Sn(g,0 = X] U i( M i -1 )(£ -U l)" i -"(£-«n)S'ui+( 1 + ^2 S i) ~ M l) •• • (£ ~ M n) (3. 17) 

l<i<n l<i<n+2 

Here g u , = — — . It is clear that S n (g,£) is a polynomial of degree n in £. 
Example 2. In the simplest case n = 1 we have 

Si(g, = «(« - + (1 + si + s 2 + s 3 )(£ - u)fli 
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where u = U\. 

We need the following property of the polynomial S n (g,£): 
Lemma 1. For any 1 < m < n the following identity is valid 

C I n t\ I Qm + l)Sn(ff,0 

u m {u m - l){u m - u 1 )...m..\u m - U n ) 



S n (g,u 

^-l)(e- Ml )...m...(C-«n)( 



("Mm C-^n £ £ - 1 



Define P n (fi f , by the formula 



p»(^,o= / ^ ! e)(e-«i)~ si " 1 -(e-«n)- s "- 1 r s " +i_1 (e-i)~ s ' i+2 ~ 1 ^ (3.18) 



if Res n+ i < — 1 and as the analytic continuation of this expression otherwise. 
Proposition 6. The expression 

Pn\9i Owm 



does not depend on g. More precisely, 



(3.19) 



M m (« m - l)(w m - u l )...rh...(u m - u n )- 



S n (g,u m ) (3.20) 

-(£ - ui)- 1 ...^ - « m )- s ™- i ...(e - ^n)^r s,i+i (e - i)~ s " +2 - 

Proof. The derivative of (13.191) with respect to £ is equal to 

S (a £) + ( Sm+1 )' 5 '"(g'£) 

"n\9i u m) 

Lemma 1 implies that this derivative does not depend on g. Since the value of (I3.19P at £ = 
is equal to zero, expression (13.191) itself does not depend of g. Identity (I3.20p also follows from 
Lemma 1. ■ 

Let gi, g be linearly independent elements of TC. A pseudopotential A n (j>, U\, u n ) defined 
in a parametric form by 

A n = P n ( 9l ,0, p = P n (g ,0 (3.21) 

is called pseudopotential of defect 0. 

Relations (13.211) mean that to find A n (p,u\, ...,u n ), we have to express £ from the second 
equation and substitute the result into the first equation. 
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Let (fa; <?i; ■■■■,9n £ H be a basis in TC. Define pseudopotentials B a (p,ui, ...,u n ) of defect 0, 
where a = 1, n, by 

B a = P n (g a ^), P = P n (go,Oi a = l,...,n. 

Suppose that «i, ...,«„ are functions of t = x, t±, ...,t n . 

Theorem 1. The compatibility conditions ifitata — tytata f° r the system 

il) ta = B a (ip x ,ui, Un), a = l,...,n. (3.22) 

are equivalent to the following system of PDEs for u n : 

E, \ U j( U j ~ l ) U i,U - Ui(Ui - l)Uj 7 t s 
{gq^gr,^ - gr^gq^j + o ■ [g q g r ,ui - grg q ,u j )u j ,t s + 
Uj — Ui 

\- i sUjiuj - l)u i>tq - Ui(ui - l)u jtt 

> {gr^gs^i - gs^g^uj h ° ■ (g r gs, Uj -gsgr^iuj^ + (3.23) 

z — ' , Uj — Ui 

{gs^gq,^ - gq^gs^i) ^— + ° ■ {g s g q , U] - g q g s , u ,)u ju = 0, 



l<2<n,^j 



where j = 1, ...,n, a = 1 + s% + ... + s n+2 - Here q, r, s run from to n and t = x. 
Proof. If B a are given in a parametric form 

B a = fa(£,U!, ...,U n ), p = /()(£, Ml, -,«n), 

then the compatibility conditions for (I3.22j) is equivalent to 

n 

^2 (ifl^fr^i ~ fr^fq,Ui)Ui,t s + {fr,^fs,Ui ~ fs,tfr,Ui)Ui,tq + {fs^fq^m ~ fq,ifs, Ui )Ui^ = 0. (3.24) 

8=1 

Taking into account (I3.18p . (13.201) . we get 

fq,^fr,Ui ~ fr,^fq,Ui = 

(s n (g q , 0Pn(g r , On, - S n (g r , 0Pn(g q , £)«,) (£ - u,)-^- 1 ■ ■ ■ (£ - Mn )— 1 r s " +1 - 1 (e - l)-^- 1 
_ S n (g qi C)S n {g r ,Ui) - S n (g r ,£)S n (g q ,Ui) = S n (g q , Qg r ,», - S n (g r: £)g q , Ui T 



(£ - Ui) ■ Ui(Ui - l)(Ui - Ui)..A...{Ui -u n ) £ — Ui 

Here 

T = — (£ — Ul )- 2si -\..(£ - u n )- 2Sn - l C 2Sn+1 ~\i - l)- 25 ^ 2 " 1 
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does not depend on i. Using the above formula for f q ^f r , Ui — fr,tfq,ui an d similar formulas for 
fr,tf s ,ui - fs,tfr,ui, fs^fg,^ ~ fq,tfs,ui, we can rewrite (|3.24p as follows: 



E( S n (g q ,^)g r ,Ui Sn(gr, £)gq,Ui . S n (g r , £)g s ,ui S n (g s ,^)g rtUi 

Ki<n s 1 

S n (gs, Qgq,ui — S n (g q , £)g s ,ui 



..... . o. 

It follows from ( 13. 17ft that the left hand side is a polynomial of degree n — 1 in £. To conclude 
the proof, it remains to evaluate this polynomial at £ = u\, u n . ■ 

Remark 1. Given ti,t 2 ,t 3 , Theorem 1 yields a 3-dimensional system of the form (11.51) with 
/ = n equations possessing pseudopotential representation. 

Remark 2. A system of PDEs for u\, u n , which is equivalent to compatibility conditions 
for equations of the form (I3.24p . was called in [2] a Whitham hierarchy. In the paper [2] I.M. 
Krichever constructed some Whitham hierarchies related to algebraic curves of arbitrary genus 
g. The hierarchy corresponding to g = is equivalent to one described by Theorem 1 if 
si = . . . = s n+ 2 = 0. In this case the vector space Ti is spanned by 1, u\, u 2 , ■ ■ ■ , u n . 

Proposition 7. The system ( j3 . 231) possesses n + 1 hydrodynamic type conservation laws. 

Proof. Let H = H 

-2si,...,— 2s„,-2s n+ i— i,-2s n+2 -i De the space of generalized hypergeometric 
functions defined by (II. 8p . (11.91) with Sj = — 2sj for i — \. ...,n and Sj = — 2sj — 1 for i = 
n + 1, n + 2. Let Z e 7i be an arbitrary element in Ti. Denote by Xj the left hand side of 
( I3.23p . Define functions A i} Bi, Cj by 

n n 1 

i=i j=i i 

One can check that (Ai) Uj = (Aj) Ui , (Bi) U] = (Bj) Ui , {C.j) Uj = (Cj) Ui . Therefore A { = A Ui , 
Bi = B u ., Ci = C Ui for some functions A, B, C and we have 

A tq + B tr + C ts = 0. 

Since dimH = n + 1, we obtain n + 1 conservation laws of the hydrodynamic type. 



4 Pseudopotentials of defect k > 

In this section we construct a new class of pseudopotentials. We call them pseudopotentials 
of defect k. To define pseudopotentials of defect k, we fix k linearly independent generalized 
hypergeometric functions hi, h k £ Ti. For any g G H define S n ^(g, by the formula 

S n ,k(g,0 = -^ u i (u i -l)(£-u 1 )...i...(£-u n _ k+1 )A i (g). (4.25) 

l<i<n-k+l 



11 



Here 



A = det 



Un-k+2 



hk,u„_ k+2 
hk, Un j 



Md) = det 



/ 
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h k 


\ 






h\, Ui 


hk,m 






9u n -k+2 


hi,u n _ k+2 • 


■ hk,u n _ k+2 




V 


9u n 


hi, Un 


hk,u„ 


J 



It is clear that S nj k(g,£) is a polynomial in £ of degree n — k. Notice that S n> k(hi,£) = ... = 
S n ,k{hk,0 = 0. It is easy to see that linear transformations hi — > cnhi + ... + Qkhk, g — > 
g + d\hi + ... + dkh k with constant coefficients c^, di do not change S n> k(g,£)- 

Example 3. In the simplest case n = 2, k = 1 we have 

o ( t\ i -\\tt \ 9h\ U \ ~ 9u\ h\ , \gh\ u2~gu2h\ 
S 2 ,i{9, = M u i - !)(£ - u 2) ^ + u 2 {u 2 - 1)(£ - Mi) ^ • 

Lemma 2. Ifl < m < n — k + 2, then the following identity is valid: 

q ( n c\ 1 (sm+i)s n ,fc(g,£) 



u m (u m - l)(«m - Mi)...m...(w m - u n )- 



S n ,k(g, u m) 



-(u m -u n -k+2)-{u m -u n )^- ^ u i (u i -l)({ > -u 1 )...i...(£-u n - k+1 )A i + 



l<i<n-k+l 



1 

A 



^2 (U m - U n - k +2)-i-{u m - UnjSiUjilLj - l)(£ - Ui)...j'...($ - M n _fe+l)Ajj + 

n-fc+2<i<n,l<j<n-fc+l 

(s m + l)u m (u m - l)(w m - M„_ fe+2 )...(M m - U n )(q - Mi)...m...(£ - U n ^ k +l) 



€ - U r, 



+ 



(u m -U n _ k +2)---(u m -U n ) ^ SiU^Ui-l) J{ (£-%) + 

l<i<n— fc+l,i^m k+l,j^i,m 

(U m - U n _ fe+2 )...(w m - U n )(f - Mi)...m...(£ - M n _ fc+ i)( (« m + - l)Sj + 2u rn - 1) + 

l<j<n-/c+l 

u m (u m - l)(q-u 1 )...m...(£;-u n - k+1 ) ^2 {u m -u n -k+2)-i-{u m -u n )s i + 

n—k+2<i<n 

(U m - M n _ fe+2 )...(w m - U n )(f - Mi)...m...(£ - M n _ fc+ i)((M m - l)s n+ i + U m S n+2 ). 

If n — k + 2 < m, then 



w m (w m - 1)K - ui)...rh...(u m - u n ) 



S„,k(g)(0u m + 



S,-Um 



Sn,k(g, u rn) 



1 

A 



^2 ( U ™ ~ U n -k+2)-i-{u m - U^SiUjiUj - - Ui)...j...(£ ~ M n _fc+l)A i j + 

n-fc+2<i<n,l<j<n-fc+l 
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s m u m (u m - l){u m - u n - k+2 )...rh...(u m - u n )(£ - - u n - k+1 ) 



Here 



A,- = det 



n-k+2 



h 



hk, Ui \ 



\ h 1<Un ... h ktUn ) 
and Ajj is obtained from A by replacing the row (h\ tUi , hk, Ui ) by (hx jU ., h k ^ Uj ). ■ 
Define functions P n ,k(g,0 by 

P n ,k(9,0= (4-26) 

Jo 

if Res n+ i < — 1, and as the analytic continuation of this expression otherwise. 
Proposition 8. The expression 



Sn+2 



Sll,k\9l U m) 

does not depend on g. Moreover, we have 

E, i\/ \ - — - — - / \ -^n,fc(fl f j 0«mj 
U m A U ra l ~ l){U m . ~ U 1 )...mi, ...,m k+ l...{U mi - U n )— ■; - 

>^n,k\9i u mJ 



(4.27) 



(4.28) 



l<i<fc+l 

(g - m)- si -(e - u n ^ k+l )- s -^{j - M ra _ fe+2 )- a "-^ +i ...(e - ^ n )-^ +i r s - +i (e - i)~ s - +2 

(£-M mi )...(£-«m fe+1 ) 

Proof. The derivative of expression (14.271) with respect to £ is equal to 



bn,k{g, q)u m H 



(c - un-fc+i)-"-^ 1 - 1 ^ - «n- fc+2 )" s "- fc+2 ...(e - u^r 3 '^ 1 ^ - i)-^ 2 - 1 

for 1 < m < n — k + 2 and is equal to 



^n,k{9, t,)um + - 

S n>k (g,u r 



otherwise. Lemma 2 implies that this derivative does not depend on g. Moreover, the value of 
the expression (14. 2 7ft at £ = is equal to zero. Therefore the expression ( 14.271) itself does not 
depend on g. The proof of (14.281) is similar. ■ 
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Let gi, g2 <E H. Assume that gi, gi, hi, h k are linearly independent. Define pseudopoten- 
tial A n ^ k (p, u\, ...,u n ) in parametric form by 

A n . k = Pn,k{9l,0, V = Pn,k{92, 0- (4-29) 

To construct A n jk (p, u\, u n ), we find £ from the second equation and substitute into the first 
one. The pseudopotential A njk (p, U\, u n ) is called pseudopotential of defect k. 

Theorem 2. Let g , gi, g n - k , hi, G TC be a basis in Ti and B a , a = 1, n — k are 
defined by 

B a = P n ,k(ga,Q, P = Pn,h(go,Q, a = l,...,n-k. 
Then the compatibility conditions for (13.221) are equivalent to the following system of PDEs for 



Uj(Uj - l)u itts - Ui(Ui - l)Uj jta 



Uj — Ui 

l<i<n—k,ijtj J 



l<i<n—k,i=£j 



£ (A,(^) Ai (, s ) - A^AM) U ^ ~ 1K *« : Ui(Ui - + (4.30) 



(Ajig^Aiigq) - Ajig^Aiigs))-^ ^— — J — = 0, 

<n—k,ij^j 

where j = 1 , . . . , n — k and 

Y A i (g r )u^ ts = Y Ai(g s )u iu , (4.31) 



U~ — Ui 

l<i<n—k,ij±j 



n—k+1 n—k+1 



i=l i=l 



E"' +1 A , N u m {u m - l)u i>ts - Uiiui - l)u m ,t s "r^ 1 A , ,u m {u m - l)u iytr - Uiiui - l)u mttr 
Ai{g r ) = = 2^ ^i\9s) , 

■ , U m Ui . U-m Ui 

i=l i=l 

(4.32) 

where m = n — k + 2, ...,n. Here q, r, s run from to n and to — x - 

Proof. We have to explicitly calculate the coefficients in (13. 24ft . Using (14.261) . (I4.27[) . we 
find that 

fq,^fr,Ui — fr,£,fq,Ui = (S n ,k{9q; C)Pn,k{9r ; ~~ <Sn,fc(<7rj ^)Pn,k{9qi ' ^ = 

(S n ,k{9q, QSn,k(gr, Ui) ~ S n)k (g r , S n,k{9q, Ui)) • ^Alll^l . T. 

v / S ntk (g q ,Ui)) 

Similar formulas are valid for f r ^fs, Ui ~ fs^fr, Ui , fs,ifq, Ui - f q ,ifs,u v Here 

T = (£ - uO- 1 - 1 ...^ - Mn _ fc+1 )- s -'=+ 1 - 1 (e - u n ^ k+2 )- s -^...(C - u n )- Sn C Sn+1 -\Z - l)"^ 2 - 1 
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does not depend on i. Using (14.281) . we can express "' fc ^ g ' , i — 1, n — k in terms of 
n,k(g q , 0«m ^ m = n _/ c _|_x ; ^ n) which are linearly independent as functions of £. Substituting 

*->n,fc(fi , <j; u m) 

these into (I3.24p . we obtain 

■ / Sn t k(g q , £,)Sn t k{g r , u^ — S nt k(g r , QSn,k{9q, u i) u , 

M£ - U i) • U i( U i - l )( U i - Ui)..A...(Ui - M n _ fe ) 

u i,t a ~r 



(£ - Ui) ■ Ui(ui - l)(ui - u 1 )...i...(u i - u n - k 
Sn,k(g s , QSn,k(gq,Ui) — S nt k(g q , q) S nj k{g s , u 



(£ - u^ ■ Uiiui - l)(ui - u 1 )...i...(u i - u n _ k ) 

V— > / Sn t k(g q ,OSn,k{gr,Ui) — S n ,k(gr,£,)Sn,k(.gq,Ui) ^ 
~ - M m ) • Mj(Mj - - U 1 )...i...(u i - M n _ fc ) 

Sn,k\9r,QSn,k\9si u i) ~ S n k(g s , S n k(g r , Ui) 

* + 

("Uj - U m ) ■ Ui(Ui - l)(u,i - Ui)...i...(Ui - Un-k) 

S n ,k{g s , 0^n,k(g q ,Ui) — S nt k(g q ,C)Sn,k(g s ,Ui) \ 

u i,t r j + 



u iitr = 0, (4.33) 



(ui - u m ) ■ Ui(ui - l)(ui - ui)...i...(ui - u n -k 

Sn,k(gqi £>n,k(gri U m ) — S n) k(g r) £) S nt k(g q , U 



mj 

u m .u + 



Um(u m - l)(u m - Ui)...{u m - U n -k) 
S n ,k(gr: O^n.fclSsj u m) ~ $n,k\9s] C)^n ,k\9ri M m) 

U m ,t q + 



Um{Um l)(Wm ^l)---(^m ^n— fc) 

S n ,k(gs, £,)Sn,k(g q , u m ) — S n! k(g q , i~)Sn,k(g s , u 



lw . , w OT)tr = 0, (4.34) 

where ra — n — k + 1, ...,n. One can check straightforwardly that (I4.34p is equivalent to (14.31 j) 
for m = n — k + 1 and to ( 14. 32ft for m = n — k + 2, ...,n. Notice that the left hand side 
of equation (14.331) is a polynomial in £ of degree n — k — 1. Evaluating this polynomial at 
£ = Mj, j = 1, ...,n — k we obtain (14.301) . ■ 

Remark 3. Given ti, t 2 , £ 3 , Theorem 2 yields a 3-dimensional system of the form (11.51) with 
I = n + k equations possessing pseudopotential representation. Indeed, the formulas (14.311) . 
(I4.32j) give 3k linearly independent equations if q,r,s — 1, 2, 3. The formula ( 14.301) gives n — k 
equations. On the other hand, one can construct exactly k linear combinations of equations 
( I4.3ip . (14.321) with q,r,s = 1,2,3 such that derivatives of Mj, i — n — k + 1, ...,n cancel out. 
Moreover, these linear combinations belong to the span of equations (14.301) . Therefore, there 
exist (n — k) + 3k — k = n + k linearly independent equations. 

Remark 4. In (I4.30p . (14.311) . (14.321) we have to assume n > k + 2. Indeed, for n = k + 1 
we cannot construct more then one pseudopotential and therefore there is no any system of 
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the form (11.51) associated with this case. However the corresponding pseudopotential generates 
interesting integrable (l+l)-dimensional systems of hydrodynamic type (see Section 5). Prob- 
ably these pseudopotentials for k = 0, 1, ... are also related to some infinite integrable chains of 
the Benney type [T8l [T9]. 

The system (I4.30I) - (I4.32I) possesses many conservation laws of the hydrodynamic type. In 
particular, the following statement can be verified by a straightforward calculation. 

Proposition 9. For any r ^ s — 0,1, ...,n there exist k conservation laws for the system 
f l430D -f rC32D of the form: 



A(g r , hi, ...i...h 

A(hi, h k ) 




A(g s ,h x , ...L..h 
A(h%, ...,h 




where i — 1, k. Here 



A(A, ...,/* 



det 



hl,u n _ k+2 ••• fk,u 



fk \ 

n—k+2 



\ fl,Un 



fk,u„ ) 



(4.35) 



Proposition 9 allows us to define functions Z\, z k such that 



A(g r ,h 1 , ...i...h k ) 
A(hi, h k ) 



H,t r 



(4.36) 



for all i — 1, k and r = 0, 1, ...,n. 

Suppose n > 3k; then the system of the form (I1.5P obtained from (14.301) . (14.311) . (I4.32[) with 
q, r, s = 1, 2, 3 consists of 3k equations (I4.3ip . (I4.32p (they are equivalent to (14.351) ) and n — 2k 
equations of the form (I4.30p . Indeed, only n — 2k equations (14.301) are linearly independent 
on (I4.3ip . (I4.32p . Expressing U\, ...,u^k in terms of z^ tl , Zi t t 2 , Zi 7 t 3 , i = l,---,k from (14.361) and 
substituting into n — 2k equations of the form (14.301) . we obtain a 3-dimensional system of 
n — 2k equations for n — 2k unknowns z\, z k , u^k+i, •••"Un- This is a quasi-linear system of 
the second order with respect to Zi and of the first order with respect to Uj, whose coefficients 
depend on z ijtl , z itt2 , z itt3 , i — 1, k and u 3k +i, It is clear that the general solution of the 
system can be locally parameterized by n — k functions in two variables. 

In the case 2k < n < 3k the functions z^ tx , Zi it2 , z^ z , i = 1, k are functionally dependent. 
We have 3k — n equations of the form 



Ri\Zl,tu Zl,t 2 i z l,t3i •••) z k,ti, z k,t 2 i z k,t 3 ) — 0, 



3k — n 



and n — 2k second order quasi-linear equations. Totally we have (3k — n) + (n — 2k) = k 
equations for k unknowns z\, z k . It is clear that the general solution of this system can be 
locally parameterized by n — k functions in two variables. 
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Suppose n < 2k; then we have n + k < 3k, which means that 3k equations of the form 
(I4.3ip . (14.321) are linearly dependent. Probably in this case the general solution of the system 
can also be locally parameterized by n — k functions in two variables. 

One of the most interesting cases is n = 3k, when we have a system of k quasi-linear second 
order equations for the functions Z\,...,Z\~. Consider the simplest case k = 1. 

Example 4. In the case n = 3, k — 1 the formulas (14.301) . (14.311) can be rewritten as 
follows. Let hi, go, gi, g 2 be linearly independent elements of 7i. Denote by B^ the cofactors of 
the matrix 

/ h g gi #2 \ 

hi,ui fi^ui gi,u! gi, Ul 
hi t u 2 go,u 2 gi,u 2 <7i,«i 
\ ^i,u 3 go,u 3 gi,u 3 gi,u :i 



Define vector fields Vi by 



d d d 

V\ = Boo — h Bo? — h Boa — — , 

dt dh dt 2 

d d d 

V2 = -D32 77— + -D33 77— + -D34 TTT-) 

oto oti ot 2 

d d d 

V3 = Ba 2 TTJ- + -B43 77— + -B44 777- • 

Oto oti ot 2 

Then (14.311) is equivalent to 

Vi{u 2 ) = V 2 (ui), V 2 (u 3 ) = V 3 (u 2 ), V 3 (ui) = Vi(u 3 ). 
Relation (I4.30p leads to one more equation 

u 3 (u 3 - l){ui - u 2 )Vi{u 2 ) + ui(u! - l)(u 2 - u 3 )V 2 {u 3 ) + u 2 (u 2 - l)(u 3 - u^V^ui) = 0. (4.38) 
The conservation laws (14.351) have the form 



(4.37) 



Introducing z such that z tr = f^, we reduce (14.381) to a quasi-linear equation of the form 

^2 P hj( z toi z ti,Zt 2 ) z tutj = 0, i,j = 0, 1, 2. (4.39) 



'■j 



In the paper [TT] an inexplicit description of all integrable equations (14.391) was proposed. The 
equation constructed above corresponds to the generic case in this classification. Indeed, it 
depends on five essential parameters s%, S5 which agrees with the results of [TT] . 

For integer values of parameters Sj equations (11.81) . (11.91) can be solved in elementary func- 
tions. This provides simple examples of equations (I4.39P having pseudopotentials. In the most 
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degenerate case s± = ■ ■ • = S5 = one can choose hi = 1, go = «i, gi = «2, #2 = «3- The 
corresponding equation (14.391) is given by 

Z t 2 ( Z t 2 ~~ IJi^to ~~ ^tlJ^totl + ^io( Z *0 _ ~~ Z t 2 ) Z t X t 2 + Z tx\ Z tl ~ 1)(^2 ~~ Z t ) Z t 2 t = 0. 

More general examples of equations 

A (^0? ^ti) ^2) ^to*i + ^( Z t , z ti, z t 2 ) z ht 2 + Ps( z t , Zt X t z t 2 ) z t 2 t — (4.40) 

correspond to s% = S2 = S3 = 0. In this case one can choose h = 1, go = f(ux), g\ = /(W2), 
g2 = f(us), where f'(x) = x S4 (x — 1) S5 . In the new variables u% = f(ui) the system (14.371) . 
(I4.38P is equivalent to a single equation of the form (14. 40 p . One of the results of the paper 
[TT] is a complete classification of equations (I4.40p possessing a pseudopotential representation. 
The above example seems to be the generic case in this classification. ■ 

The system (I4.30p - (l4.32p has conservation laws different from (14.351) . 

Conjecture. The system (14.301) - (14.321) possesses n + 1 conservation laws of the general 
form 

A tq + B tr + C ts = 

additional to (I4.35p . This family of conservation laws can be parameterized by elements from 
-2s n+ i-i,-2s n+2 -i (cf- Proposition 7). This conjecture is supported by some 
computer computations for small n and k. 

Remark 5. Let us make in (14.261) a change of variables of the form 

£ -» a + «1 01, -,Wn ->• <f>n, ( 4 - 41 ) 

c4 + a 

where a, b, c, d, <pi, ...,<f) n are arbitrary functions in u±, ...,w„. After that we get under the 
integral in (14.261) an expression of the form 

X(e - Pn + 2)- Sn+2 -\i - Pn +3 ) Sl + - +Sn+2+1 , 

where £>(£) is a polynomial in £ of degree n — k and pi,...,p n+3 are functions of ui,...,u n . 
Therefore the numbers 

{ — s l — 1 5 •••) — Sn-k+l — 1; — S rl __fc+2 ) •••> — S n , — S n+ i — 1, — S n+2 — 1, Si + ... + S n+ 2 + 1} (4.42) 

play a symmetric role in the constructed pseudopotentials A n ^. Using transformations (14.411) . 
one can choose any three of the functions pi, ...,p n+3 to be equal to 0, 1, oo and the other 
n functions to be equal to Ui,...,u n (cf. [5], Section 3). It would be interesting to study the 
degenerate cases when some of the functions pi coincide (cf. [7], Section 5). 

The most symmetric case is given by 

k+1 _n- k+2 

s l = ■■■ = s n-k+l = s n+l = s n+2 = ; ^ ) s n-k+2 = ■■■ = s n = ■ 

n + 3 n + 3 
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In this case all numbers (I4.42p are equal to — n ~Z^ 2 ■ Possibly for n = 3, k = 1 these values of 
parameters correspond to pseudopotentials for integrable Lagrangians of the form C{u x , u y , u z ) 
[2~0l [TO] whereas for n = 5, k = 3 they are related to the integrable Hirota type equations [T3] . 

Example 5. Let n = 5, k = 3 and s% = s 2 = s 3 = sq = S7 = — ~, 54 = 55 = ~. It turns out 
that there exists a basis g x , g 2 , g 3 , /ii, /i2> ^3 m W such that 

A(gi, hi, h 2 ) = A(g 3 , h 2 , h 3 ), 

A{g 2 ,h 2 ,h 3 ) = A{g u h 3 ,hi), (4.43) 
A{g 3 ,h 3 ,h x ) = A{g 2 ,h x ,h 2 ). 
Indeed, the system (I4.43[) is a consequence of equations 

^i«i,u4 — h\gi )Ui + g 2 h 2<Ui — h 2 g 2ui + g 3 h 3u4 — h 3 g 3ll4 = 0, 

fl^i.us _ ^i5i,«s + 5'2/i2,« s - ^^.us + fi's^s.us - h 3 g 3>U5 = 0, (4.44) 

9i,u 4 hi, U5 ~ hi >U4 gi iUs + g 2)Ui h 2)U5 — h 2 ^ U4 g 2 u5 + g 3jU4 h 3jUB — h 3jU4 g 3jUB = 0. 

Consider the system consisting of equations (14.441) and all its first and second derivatives with 
respect to U\, ...,1*5. Note that differentiating (14.441) . we eliminate second derivatives of hi and 
9% by (ll.Sp . (11. 9D . One can check that this system is invariant with respect to the derivations by 
Ui, ...,u 5 . At a fixed generic point v,®, ...,u® the system can be regaded as an algebraic variety 
for the values of gi, hi and their first derivatives. It can be checked that this variety consists of 
several components and the maximal dimension of the component equals 24. Since the vector 
fields t£- are tangent to this variety, any its point considered as the initial data defines the 
solutions gi, hi of (II. 8p . (11. 9p such that the corresponding point belongs to the variety for any 
values of U\, U5. It is possible to check that there exists an algebraic component of dimension 
21 of the variety such that the Wronskian of gi, hi at u\, ...,u® is non-zero. 

Proposition 9 and equations (14.431) allow us to define a function z such that 

AjgiMih) _ A(g 2 ,h 3 ,hi) A{g^h 1 ,h 2 ) 

Zh ' h ~ A(hi, h 2 , h 3 ) ' Zt2M ~ A(h u h 2 ,h 3 y Zt3 ' t3 ~ A{h x ,h 2 ,h 3 y 

_ A{g 2 ,h 2 ,h 3 ) _ A(gi,h 3 ,hi) A(g 3 ,h 3 ,hi) _ A(g 2 ,hi,h 2 ) 

ZtlM ~ A(h,h 2 ,h 3 ) ~ A(hi, h 2 , h 3 ) ' Zt2 ' t3 ~ A(h,h 2 ,h 3 ) ~ A(hi, h 2 , h 3 ) ' 

_ A(gi, hi, h 2 ) _ A(g 2 , h, h 2 ) 

Zt3 ' fi ~ A(h,h 2 ,h 3 ) ~ A(h h h 2 ,h 3 y 

It terms of this function we can rewrite the system ( 14.301) . ( 14.311) . ( 14. 32ft as a single equation 
of the form (II. lip . Integrable systems of this form were studied in [13j. The pseudopotentials 
considered above correspond to the generic integrable system of this form. 

Remark 6. It is easy to see that the group SP e acts on the set of bases in Ti satisfying 
(I4.44p . This agrees with the result of [13] that this group acts on the set of integrable equations 
of the form (jTTB .B 
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5 Integrable (l + l)-dimensional systems of hydrodynamic 
type 



In this section we consider integrable (l+l)-dimensional hydrodynamic type systems (I1.12p 
constructed in terms of generalized hypergeometric functions. These systems appear as the 
so-called hydrodynamic reductions of pseudopotentials A nk (see the next Section). By in- 
tegrability we mean the existence of infinite number of hydrodynamic commuting flows and 
conservation laws. It is known [21] that this is equivalent to the following relations for the 
velocities ^/(r 1 , ...,r N ): 



0,^-,=%-^, i^j^k, (5.45) 
V — V v 3 — V K 



Here d a = ^j, a = 1, . . . , N. The system (I1.12p is called semi-Hamiltonian if conditions (I5.45P 
hold. 

The main geometrical object related to a semi-Hamiltonian system (11.121) is a diagonal 
metric g kk , k — 1, . . . , N, where 



1 dv 
-d i \ogg kk = — 1 — jr, i^k. (5.46) 

2 v l — v K 



In view of (I5.45p . the overdetermined system (I5.46P is compatible and the function g kk is 
defined up to arbitrary factor rj k (r k ). The metric g kk is called the metric associated to U.1S\) . 
It is known that two hydrodynamic type systems are compatible iff they possess a common 
associated metric [2T] . 

A diagonal metric g kk is called a metric of Egorov type if for any i, j 

d i9jj = dj9u- (5-47) 

Note that if a Egorov-type metric associated with a hydrodynamic-type system of the form 
(I1.12p exists, then it is unique. For any Egorov's metric there exists a potential G such that gu = 
diG. Semi-Hamiltonian systems possessing associated metrics of Egorov type play important 
role in the theory of WDVV associativity equations and in the theory of Frobenious manifolds 

[31 UM 122]. 

Let w(t x , r ), ^(r 1 , r ), ^(r 1 , r N ) be a solution of (I1.13p . It can be easily 
verified that this system is in involution and therefore its solution admits a local parameteri- 
zation by 2N functions of one variable. Let ui(r l , ...,r N ), ..^u^r 1 , ...,r ) be a set of solutions 
of the system (11.141) . It is easy to verify that this system is in involution and therefore has an 
one-parameter family of solutions for fixed £j, w. 

Consider the following system 
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where gi,g 2 are linearly independent solutions of (11.81) . (11.91) . the polynomials S nt k, k > are 
defined by (14.251) . and S Ui0 = S n (see formula (I3.17P ). 

Theorem 3. The system (I5.48P is semi-Hamiltonian. The associated metric is given by 

ga = SnGfc,&) 2 (& - ^r 2si ~ 2 •••(&- ^)- 2s "- 2 4 r2s ' l+1_1 (6 - i)- 2 ^ 2 " 1 ^ 

for k = 0, and by 

ga = S n , k (g2,& 2 & - Wl )- 2si - 2 • • • (& - u^O -28 *-** 1-2 * 

& - Wn _ fc+2 )- 2 ^-^ • • ■ (^ - ^)- 2s "4 r2Sn+i_1 (6 - lr 2 ^ 2 - 1 ^ 

for k > 0. 

Proof. Substituting the expression for the metric into (I5.46p . where v % are specified by 
fl5T48|) . one obtains the identity by virtue of (TTT31) . fTl~14"j) . ■ 

Remark 7. The system (15.481) does not possess the associated metric of the Egorov type in 
general. However, for very special values of the parameters in (II. 8p . (11.91) there exists g 2 EH 
such that the metric is of the Egorov type for all solutions of the system (11.131) . (11.141) . For 
instance, if the defect k equals zero, then this happens exactly in the following cases: 

S{ = for all i; 

Si = —1 for some I and Sj = for i ^ I; 
S[ = — ~ for some / and Sj = for i ^ I; 
Sj = si = —\ for some j ^ I and Sj = for i ^ j, i I. 

Proposition 10. Suppose that a solution w of ( 11. 13ft and solutions m, ...,« n of ( II. 14ft 
are fixed. Then the hydrodynamic type systems 

r i _ Sn^kjguCd ^ ^ r i _ Sn,k(92,€i) r i (5.49) 

are compatible for all g±, gi- 

Proof. Indeed, the metric associated with ( 15.481) does not depend on g 2 . Therefore the 
systems ( I5.49P has a common metric depending on g 3 and on solutions of (11.131) . (I1.14p . ■ 

Remark 8. One can also construct some compatible systems of the form (15.491) using 
Proposition 5. Set g 2 = Z(ui, ...,u n ,u n +i) in ( I5.49p . Here u n+ \ is an arbitrary solution of 
(I1.14p distinct from m, ■■■,u n . It is clear that the flows (15.491) are compatible for such g 2 and 
any g x e H. Moreover, Proposition 5 implies that the flows (I5.49P are compatible if we set 
gi = Z(m, u n , u n+1 ), g 2 = Z(m, u n , u n+2 ) for two arbitrary solutions u n+ i, u n+2 of ( 11. 14ft . 

All members of the hierarchy constructed in Proposition 10 possess a dispersionless Lax 
representation (11. 2ft with common L(p, r 1 , ...,r ). Define a function L(£, r 1 , r ) by the 
following system 

giL = U(-mwL^ . = h N (5M) 

S Si 
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Note that the system (I5.50P is in involution and therefore the function L is defined uniquely 
up to inessential transformations L — > A(L). To find the function L(p, r 1 , ...,r ) one has to 
express £ in terms of ]? by (13.2 If) for A; = or by (14.291) for k > 0. 

Proposition 11. Let u\, . . . , u n be arbitrary solution of (11.141) . Then system (I5.48P admits 
the dispersionless Lax representation (11. 2p . where A = A n ^ is defined by (13.2 1[) for k = and 
by (Ok for fc > 0. 

Proof. Substituting A = A n , k defined by (ESQ) for k = and by fl429l) for A; > into (Oj) 
and calculating L t by virtue of (15.481) we arrive to the expression 

P n ,k(g2, 0? ■ Sn,k(gi, 6) — P n ,k(gi, 0? ' Sn,k(g2, 6) 

Taking into account the equation P n ,k(gi, 0? = S n ,k(gi, 0(^- M i) _Sl_1 •••(£-«n-fc+i)~ Sn_fc+1 ~ 1 (£- 
^n-fc+2)~ s,l - fc+2 ---(^ - «n)" s "r s " +1_1 (^ - l) _Sn+2_1 and writing down P n ,k(gi,0u m in terms of 
^n,*(fli,0«»-*+n ••• ; ^ , n,fc(5'i)0«„ °y (|4-27p, ()4.28p, one can readily check this equation. ■ 

Let the function £(L, r 1 , r^) be inverse to r 1 , r^). It is easy to check that u = 
^(L^r 1 , ...,r N ), where L plays a role of arbitrary parameter, satisfies (11.141) . 

As usual, the Lax representation defines conserved densities, common for the whole hierar- 
chy, by formula (11.31) . Since our definition of A n ^ is parametric, we can reformulate this fact 

as 

Proposition 12. Suppose (I5.48P is defined by solutions u±,...,u n of the system (11.141) . 
Let U be any solution of (11.141) . Then 



is a conservation law for (I5.48p . 

Since the generic solution U depends on a parameter, we have constructed an one-parametric 
family of common conservation laws for our hierarchy (15.481) of hydrodynamic type systems. 

6 Hydrodynamic reductions and integrability 

In this section we show that integrable (l+l)-dimensional systems constructed in Section 5 
define hydrodynamic reductions for pseudopotentials and 3-dimensional systems from Sections 
3 and 4. 

Following [m[T5j [7], we gi ye a definition of integrability for equations (II. 2p . (I1.4p and (II. 5p 
in terms of hydrodynamic reductions. 

Suppose there exists a pair of compatible semi-Hamiltonian hydro dynamic-type systems of 
the form 



0_ 

ot 




d_ 

dx 





r\ 



ti — 





(6.51) 
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and functions Ui = u^r 1 , ...,r N ) such that these functions satisfy (11. 5p for any solution of (16.511) . 
Then (16.511) is called a hydrodynamic reduction for (11.51) . 

Definition 1 [IT]. A system of the form (II. 5p is called integrable if equation (11.21) possesses 
sufficiently many hydrodynamic reductions for each iV G N. " Sufficiently many" means that the 
set of hydrodynamic reductions can be locally parameterized by 2N functions of one variable. 
Note that due to gauge transformations r % — > Xi(r l ) we have N essential functional parameters 
for hydrodynamic reductions. 

Suppose there exists a semi-Hamiltonian hydrodynamic-type system (11.121) and functions 
Ui = Uiir 1 , ...,r N ), L = L(p, r 1 , r N ) such that these functions satisfy dispersionless Lax 
equation (II. 2p for any solution r 1 (x,t), r N (x, t) of the system (11.121) . Then (11.121) is called a 
hydrodynamic reduction for (11.21) . 

Definition 2 [7J. A dispersionless Lax equation (11.21) is called integrable if equation (II. 2p 
possesses sufficiently many hydrodynamic reductions for each N G N. 

We also call the corresponding pseudopotential A(p, ui, ■■■ ) u n ) integrable. 

Example 6. Let us show that A = hn(p — u) is integrable. Let w{r l , r ), p%{r l , r ), 
i = 1,...,N be an arbitrary solution of the following system (the so-called Gibbons-Tsarev 
system [14] ) 

d & = -PzTt » d ii w = Tp^rj^ i hJ = * ^ i- ( 6 - 52 ) 

It is easy to verify that this system is in involution and therefore its general solution admits a 
local parameterizations by 2N functions of one variable. Define a function L(p, r 1 , r ) by 
the following system 

djiv L n 

diL = ^-^, i = l,...,JV. 6.53 

This system is in involution and therefore defines the function L uniquely up to inessential 
transformations L — ► A(L). Finally, let -u(r 1 , ...,r N ) be a solution of the system 

9^=—!—, z = l,...,iV. (6.54) 
?i - w 

It is easy to check that the system (16.541) is in involution. It follows from (16.521) . (I6.53p . (I6.54p 
that the system 

r\ = -r^—ri (6.55) 

is a hydrodynamic reduction of equation (11.21) with A = ln(p — u). 

Remark 9. The standard form for the Gibbons-Tsarev system [15] related to hydrodynamic 
reductions is given by 

d£j = F(&, 0' ui,---,u n ) diU n , didjU n = H(&, u n ) diU n djU ni i ^ j 



23 



diUi = Gi(£i, ui,...,u n ) diU n , I < n. 

Here i,j = 1,...,N, ui(r l , . . . ,r N ) are the functions, which define the reduction, and 
^(r 1 , . . . , r N ) are some auxiliary functions. To bring (I6.52p . (I6.54p to this form, one has to 
eliminate the additional unknown w. The result is given by 

djii = j _ U dju, didjU = % ~![ ^ ^ diudjU. (6.56) 

Sj Si is; SjJ 

In this case n = 1, Ux — u. There is the following generalization of (16.561) to the case of arbitrary 
polynomial P(x) = a^x 3 + a 2 x 2 + a±x + ao and arbitrary n: 

^1 £i a Un i ■ i ]\r 
; ^OiU-i = ... = ; —OiU n , 1=1, Jy, 

P{u x ) P{u n ) 

where 

K 2 {^Q = 2a^ % -^)\ 
Kifo, 0) = -«s(C 2 + af ) + « 2 (C 2 + £f - 460) - + 0) - 2a , 
0) = 2a 3 ^f + a 2 (£fo + + a x (4 2 + + a (& + 0)- 

Using transformations of the form U{ — > — — — -, — > ^_lL- ! on e can put the polynomial P 

cUj + a c^i + a 

to one of the canonical forms: P{x) = x(x — 1), P(x) = x, or P(x) = 1. If P(x) = 1, then 
(I6.57P with n = 1 coincides with (16.561) . Formulas (11.131) . (I1.14p are equivalent to (16.571) . where 
P(x) = x(x — 1). 

Definition 3. Two integrable pseudopotentials Ax, A 2 are called compatible if the system 

L tl ={L,At}, L h = {L,A 2 } 

possesses sufficiently many hydrodynamic reductions (16.511) for each iV e N. 

If Ai, A 2 are compatible, then A = c\A\ + c 2 A 2 is integrable for any constants c x , c 2 . 
Indeed, the system 

r\ = {c x v\{v) + c 2 vi(r))ri 

is a hydrodynamic reduction of (11.21) . 

Example 7. The functions A\ = ln(p — ux) and A 2 = \n(p — u 2 ) are compatible. Moreover, 
A = c\ ln(p — u\) + ... + c n ln(p — u n ) is integrable for any constants ci, c n . Indeed, let w, 
Pi satisfy (I6.52p and u±, u 2 be two different solutions of (16.541) . It is easy to check that the 
corresponding flows are compatible by virtue of (I6.52p . (16.531) . (I6.54p . 
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Definition 4. By 3-dimensional system associated with compatible functions A\, A 2 we 
mean the system of the form (11. 5p equivalent to compatibility conditions for the system 

tp t2 = A^t^ux, ...,u n ), tp t3 = A 2 (tp tl ,u ll ...,u n ). (6.58) 

It is clear that any system associated with a pair of compatible functions possesses suffi- 
ciently many hydrodynamic reductions and therefore it is integrable in the sense of Definition 
1. 

Example 8. Let A\ = ln(p — u) and A 2 = ln(p — v). The associated 3-dimensional system 
has the form 

u t3 = v t2 , v tl - vu ta = u tl - uv t2 . 
The following statement is a reformulation of Proposition 11. 

Theorem 4. The system (15.481) is a hydrodynamic reduction of the pseudopotential A n ^ 
defined by ( 13.211) if k — and by ( 14.291) if k > 0. Recall that we use the notation S n = 

Snfli A n = A n fi, P n = P n fl. 

Proposition 13. Suppose gi, g 2 , #3, hi, hy. G Ti are linearly independent. Define pseu- 
dopotentials A\, A 2 by 

Ax = P n ,k{9l , , A 2 = P n ,k(92, , V = Pn,k(d3, ■ 

Then A% and A 2 are compatible. 

Proof. Note that the system ( 11. 13ft . ( 15. 50ft does not depend on (71,(72, #3 and therefore we 
have a family of functions L,^,Ui which give hydrodynamic reduction of the form (I5.48P for 
both Ax and A 2 . Moreover, according to Proposition 10 the flows 

i S n k(gx,Ci) i i S n k(g2,Ci) i 

ty 11 ' 

are compatible. ■ 

Remark 10. This result implies that 3-dimensional hydrodynamic type systems con- 
structed in Sections 4, 5 possess sufficiently many hydrodynamic reductions. 

Remark 11. Using proposition 5, one can construct compatible pseudopotentials depend- 
ing on different number of itj. Indeed, let gi, g 3 , hi, h^ G TC and g 2 = Z(ui, u n , u n+ i). 
Then A 2 depends on ui, u n , u n+ i and Ai depends on m, ...,u n only. 

7 Conclusion 

All known integrable pseudopotentials A(p,ui, ...,u„) satisfy the property 

*(^)=°- 
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where P(x,y) is a polynomial in x, y with coefficients depending on ui,...,u n . In this sense 
any pseudopotential A is associated with the algebraic curve £ = {(x, y) G C 2 ; P(x,y) = 0}. 
Moreover, compatible pseudopotentials are associated to isomorphic curves. If a 3-dimensional 
dispersionless system is constructed by two compatible pseudopotentials, then this curve is 
isomorphic to the so-called spectral curve (see [17]) of the system. In this paper we have 
constructed a wide class of integrable pseudopotentials associated with rational curves. We 
believe that all pseudopotentials associated with rational curves can be obtained as a limit 
from our pseudopotentials. We are going to describe all such limits in a separate paper. 

It is known [2] that pseudopotentials associated with curves of higher genus also exist. It is 
likely that one can describe all pseudopotentials associated with the elliptic curve in a similar 
manner to the way we have done the rational case in this paper. We are going to consider this 
problem in the next paper. 
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